Abstract. Let A be a (complex, unital) semisimple Banach algebra and denote by Ω A its open spectral unit ball, that is, the set
Introduction and statement of results
Let A be a semisimple Banach algebra over the complex field C having unit e. Given a ∈ A, we shall denote by σ (a) its spectrum and by ρ (a) its spectral radius. Also, by π (a) we shall denote its peripheral spectrum, that is, the set of all λ ∈ C satisfying |λ| = ρ (a). The open spectral unit ball of A is defined to be the set of all a satisfying ρ (a) < 1. The study of holomorphic maps on Ω A was motivated by the spectral Nevanlinna-Pick interpolation problem, which is of importance for control theory [3] . Proving a Cartan type of theorem would be of great help in this case, and this leads us to consider holomorphic functions F : Ω A → Ω A with F (0) = 0 and F (0) = I (the identity on A). If F is such a map, then F (c) = c for all c in the centre of A [8, Theorem 1.a]. In particular, F (λe) = λe for |λ| < 1. Also, by [8, Theorem 3] we have that F preserves the peripheral spectrum, that is, (1.1) π(F (a)) = π (a) (a ∈ Ω A ) .
Our first result is a slight generalization of (1.1). For |α| < 1 in C, define M α : Ω A → Ω A by putting (1.2) M α (a) = (a + αe) (e + αa)
Then the following result holds.
What other spectral related sets, besides the peripheral spectrum, are preserved by such a map F ? It was asked (see [8, Question 1] ) whether it is spectrumpreserving on Ω A . This is known to be true for example in the case when A is the set of all n×n complex matrices [9] , or more generally, when A is finite dimensional [4] , but the general case remains unsolved. Using Theorem 1.1 we obtain that for a in Ω A , the intersection of all closed discs lying inside D and containing σ (a) equals the intersection of all closed discs lying inside D and containing σ (F (a)).
More than that, denoting by Γ the circle of centre z and radius r, then
For z ∈ C and r > 0, we have denoted by D(z; r) the open disk of centre z and radius r in C, and by D (z; r) the closed one.
Given an arbitrary a ∈ Ω A , the intersection of all closed discs in C containing σ (a) is the convex hull of σ (a). It is quite natural then to ask whether we can eliminate the condition D ⊆ D in (1.4), since this would imply that F preserves the convex hull of the spectrum. The next result shows that this can be done in the particular case of biholomorphic mappings acting on algebras having only elements with an at most countable spectrum. 
where co (K) stands for the convex hull of K ⊆ C.
An old problem of Kaplansky asks whether every surjective spectrum-preserving linear mapping between unital C * -algebras has to be a Jordan morphism. Aupetit [2] showed that this is true in the case of von Neumann algebras. In fact, its proof shows that the same is true in the case when we are working with C * -algebras of real rank zero [5, Theorem 1.1]. The main idea is to show that any such mapping sends projections into idempotents, and then to use the fact that in C * -algebras of real rank zero any selfadjoint element is a limit of linear combinations of projections. The same problem can also be stated in the case of spectral isometries: is any spectral radius-preserving unital surjective linear mapping between unital C * -algebras a Jordan morphism? This is still an open question even in the case of von Neumann algebras. By [6, Prop. 3 .1] we know that in order to give a positive answer in the case of C * -algebras of real rank zero, it is also sufficient to show that any such map sends projections into idempotents. Since unital surjective spectral isometries preserve the convex hull of the spectrum [7] , the images of a non-trivial projection under such a map has as spectrum a subset of the interval [0, 1] on the real axis. A first step towards proving that the images of such projections are idempotents would be to show that their spectrum is exactly {0, 1}. This comes from Theorem 1.4, which is the main result of this paper.
Theorem 1.4. Let B be a complex unital semisimple Banach algebra and T : A → B a unital linear and onto mapping such that ρ (T (a)) = ρ (a) for every a ∈ A.
Then σ (T (a)) = σ (a) for every a ∈ A having at most two elements in its spectrum.
Proofs
Proof of Theorem 1.1. Given |α| < 1, the map M α defined by (1.2) is an automorphism of the spectral unit ball, with
The spectral Schwarz lemma [8, Theorem 3] gives ρ(G λ (0) (a)) ≤ ρ (a), an inequality which holds for all a in A. That is, ρ(F (λe)(a)) ≤ ρ (a) for all a in A. Now fix such an a, and consider the function λ → ρ(F (λe)(a)) on D. It is subharmonic [1, Theorem 3.4.7] , and by what we have just proved it is bounded by ρ (a) on D. We also have F (0) (a) = a, and hence the value of the function at 0 is exactly ρ (a) . By the maximum principle for subharmonic functions [1, Theorem 3.4.11], we conclude that π(F (λe)(a)) = π (a) for all λ ∈ D and a ∈ A. Thus π (G λ (0) (a)) = π (a) for all a ∈ A, and then by the same spectral Schwarz lemma we conclude that 
is a solution for (2.1). When r goes to 0, the value of r(1 − |α r | 2 )/(1 − |α r | 2 r 2 ) goes to 0, and when r goes to 1 the value of the same expression goes to 1 − |w|. By continuity, there exists r between 0 and 1 such that the radius of M α r (Γ r ) is exactly the radius of Γ, and therefore M α r (Γ r ) = Γ.
Proof of Corollary 1.2. Let α ∈ D be such that M α sends Γ into a circle of center 0 and radius R ∈ (0, 1). Let a ∈ A be such that F (a) 
Consider a ∈ Ω A and γ ∈ C satisfying ρ (a) + 2 |γ| < 1; then by putting λ = γ and
For 0 < |μ| ≤ 1, the map F μ (a) := F (μa) /μ is well defined and analytic from Ω A into itself, having value 0 at 0 and derivative I at 0. Applying (2.3) to F μ instead of F we get
For a ∈ Ω A and γ ∈ C satisfying ρ (a)+2 |γ| < 1, consider the analytic multifunction μ → K (μ) := σ(F (μa) /μ + γe), which is well defined on {μ : |μ| < 1/ρ (a)} (its value at 0 is σ(a + γe)). Pick an arbitrary α ∈ π(a + γe). Then α ∈ K (λ) for |μ| ≤ 1. The identity principle gives then α ∈ K (μ) for |μ| < 1/ρ (a), that is, α ∈ σ(F (μa) /μ + γe) for all |μ| < 1/ρ (a). Therefore, given any a ∈ Ω A we have
This in turn implies that
Indeed, consider x ∈ Ω A and z ∈ C and choose R > 0 such that 
D(z, ρ(a − ze)).
Since F preserves the spectral radius, by using (2.5) we obtain that for all a ∈ Ω A , F (a)) ).
Thus co(σ (a)) ⊆ co(σ (F (a) )) for all a ∈ Ω A . Since F is supposedly biholomorphic, the same also holds for its inverse F −1 . This gives co(σ (a)) ⊆ co(σ (F (a) )) for all a ∈ Ω A .
What if we allow Γ in the statement of Corollary 1.2 to touch the boundary of the unit disc? Let us say that Γ is the circle with centre z ∈ D and radius r ∈ (0, 1) such that |z| + r = 1, and suppose that a ∈ Ω A has its spectrum inside D (z; r), with σ (a) ∩ Γ = ∅. Then the intersection of all closed discs containing σ (a) and lying inside D is a subset of D (z; r), and using (1.4) we obtain that σ (F (a)) ⊆ D (z; r) also. Considering (r n ) n ⊆ (0, 1) such that r n → 1, then using Corollary 1.2 we obtain that σ (F (r n a)) 
Thus, in this case we
We shall use this to prove our result on spectral isometries.
Proof of Theorem 1.4. From standard properties of unital, surjective spectral isometries, we have that T is continuous and bijective, T −1 : B → A also being a spectral isometry. Also, T preserves the peripheral spectrum and the convex hull of the spectrum [7] .
If the spectrum of a ∈ A has only one element, since T preserves the convex hull of the spectrum we conclude that T (a) has the same spectrum as a. Now suppose that σ (a) has exactly two elements. Working with elements of the form αe + βa instead of a, with α ∈ C and β ∈ C\{0}, we may suppose for example that σ (a) = {i, 1 + i}. Let H = {z ∈ C : Im(z) > 0} and define f :
Let us observe that since T and T −1 preserve the convex hull of the spectrum, the spectral theorem for the holomorphic functional calculus implies that F is well defined. Clearly, it is biholomorphic on Ω B , with F (0) = 0 and F (0) = I, the identity on B.
Denote b = T (a) ∈ B. Since T preserves the peripheral spectrum, we have Since σ (f (a))∩Γ has exactly two elements, then π (f (a) − z 0 e) has exactly two elements. Since T preserves the peripheral spectrum we have that π (T (f (a) − z 0 e)) = π (f (a) − z 0 e), and therefore π(T (f (a)) − z 0 e) has exactly two elements. Thus π (f (b) − z 0 e) has exactly two elements, which means that σ (f (b)) ∩ Γ has exactly two elements. Thus f (σ (b)) ∩ Γ has two elements. This in turn implies that σ (b) has exactly two elements on d, and therefore σ (b) = {i, 1 + i}.
